Chapter 1   Systems of Linear Equations

重點：Reduced Echelon Form及Gauss-Jordan Elimination 

· MATLAB求矩陣RREF(Reduced row echelon form)的語法： rref
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>>rref(B)

ans = 
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· Appendix D.2 Solving Systems of Linear Equations (Sec 1.1, 1.2, 1.3)
(1). 利用作者提供的gjelim 函數執行Gauss-Jordan Elimination
例如：
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>> a=[1 -2 4 12; 2 -1 5 18; -1 3 -3 8]

>> gjelim(a)

Rational numbers? y/n: n     (選擇是否用有理數形式顯示數字)
Count of operations? y/n: n   (是否計算運算次數)
All steps? y/n: y            (是否列出所有步驟)
initial matrix

     1    -2     4    12

     2    -1     5    18

    -1     3    -3     8

[press Enter at each step to continue]
…
· Exercise 7 
Use the Gauss-Jordan elimination function gjelim to find the reduced echelon forms of 
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. Do you expect these two reduced echelon forms to differ? Why do they differ? (可用 rref 函數check一下)
(答：因gjelim允許容錯至10-20，與MATLAB的10-16 相較，比較容易把0視為1)
(2). 利用作者提供的transf 函數執行Gauss-Jordan Elimination (可以自行指定下一步驟要執行何種elementary row operation) (跳過)
>>transf(a)

Format: (r)ational numbers or (d)ecimal numbers? d

Operation: (a)dd (m)multiply (d)ivide (s)swap (e)exit a

add the multiple: -2

          of row: 1

          to row: 2

     1    -2     4    12

     0     3    -3    -6

    -1     3    -3     8

Operation: (a)dd (m)multiply (d)ivide (s)swap (e)exit
….

· Homework: (跳過)
試寫一程式，輸入聯立方程式的擴大矩陣後，使用rref轉成reduced echelon form，再判斷出解（唯一解需給出x1=?, x2=?, …形式的解）（無解則回答 no solution）（無限多解則給出通解，即x1=2r+1, x2=r, x3=s等形式）
(可用下例做測試)
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Chapter 2   Matrices

· Appendix D.3 Matrix operations (Sec 2.1, 2.2, 2.3)
· Transpose: 「.(」, Conjugate transpose:「(」
· Exercise 1(b)  
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, compute B64. 
· Exercise 1(f)
寫程式產生5個3(3的亂數矩陣P(可用rand函數)，計算出PPt的值。
Examine the outputs and make a conjecture. Prove this conjecture.

· Appendix D.4 Computational Considerations (Sec 2.2)
已知：
[image: image8]
· 利用ops 函數計算三個或四個矩陣相乘所需的乘法次數(跳過)
例：A: 2(2, B: 2(3, C: 3(1 求ABC相乘所需的乘法次數
>> ops

Count of # of scalar multiplications in multiplying matrices

Give # matrices (3 or 4): 3

rows in A: 2

cols in A: 2

rows in B: 2

cols in B: 3

rows in C: 3

cols in C: 1

ways =

   ABxC  AxBC

nos =

    18    10
· Exercise 3 (跳過)
Use function ops to find the most and least efficient ways of performing the product ABCD, where A is 5(14, B is 14(87, C is 87(3, D is 3(42.

· Appendix D.5 Inverse of a Matrix (sec 2.4)
MATLAB has a matrix inverse function inv(A).

· Exercise 4(c) 
Let 
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, find B=C1AC.

· Appendix D.6 Solving Systems of Equations Using Matrix Inverse (Sec 2.4) (Left Division)
To solve Ax=b we may write either A\b (output x) or b’/A’ (output x’)
在many systems的情形下，令B是所有常數column組成的matrix，A\B仍可用來求解。

例如：
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 in turn. 

此時
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· Exercise 5
Solve the systems 
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Chapter 3   Determinants

· Appendix D.11 Determinant (Sec 3.1, 3.2, 3.3), 
Appendix D.12 Cramer’s Rule (Sec 3.4)
MATLAB has a determinant function det(A). 
作者提供的Minor, Adj , Cramer等函數求矩陣的minor，adjoint matrix及在聯立方程式有唯一解時，利用Cramer’s Rule求解。

· Homework：
(1) 令
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，求det(A)，a22的minor (輸入Minor(A, 2, 2))及A的adjoint matrix (輸入Adj(A))。
(2) 求minor及cofactor時，需要用到A中刪掉第i列第j行的子矩陣，如何不用迴圈來表示此一矩陣？(Hint: 善用A(i:j, p:q)表示式) (跳過)
(3) 試寫一程式，輸入A矩陣，求出A的adioint (只可使用size及det函數，不可再呼叫其他函數)。(跳過)
(4) 在聯立方程式有唯一解時，利用Cramer’s Rule求解xi的值。
   (輸入square matrix A, column matrix b及數字i) (跳過)
Chapter 4   Vector Space Rn
· Appendix D.13 Dot Product, Norm, Angle, Distance (Sec 4.2),
MATLAB has the following functions：(let a=[1 -2 4], b=[3 1 2])
dot(a, b)：求a(b (其實a*b’即可)
norm(a) ：求norm of a,  i.e., ||a||=
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· norm的其他用法：
norm(a, 1) = The 1-norm, sum(abs(a)) =7
norm(a, 2) = norm(a) = 4.5826
norm(a, inf)= The infinity norm, max(abs(a)) = 4
· Angle between two vectors x, y：(作者提供函數Angle)

function a=angle(x, y)

norm_x = sqrt( dot(x, x) );

norm_y = sqrt( dot(y, y) );

a = acos( dot(x, y) / (norm_x * norm_y) );

a = a*180/pi;

· Distance between two vectors x,y： ||xy|| = norm(x-y)
Chapter 5   General Vector Spaces

· Appendix D.14 Linear Combinations, Linear Dependence, Basis
(Sec 5.3-5.5),
· Determine whether or not (1, 1, 5) is a linear combination of (1, 2, 3), (0, 1, 4), and (2, 3, 6).

Sol. 
Examine the identity 
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This reduces to the system
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Using MATLAB:
>> A=[ 1 0 2 -1; 2 1 3 1; 3 4 6 5]
>> rref(A)
ans =
     1     0     0     1

     0     1     0     2

     0     0     1    -1
Thus
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· Prove that (1, 2, 3), (-2, 1, 1), and (8, 6, 10) are linearly dependent.

Sol. 
Examine the identity 
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This reduces to the system
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Using MATLAB:
>> A=[ 1 -2 8 ; 2 1 6; 3 1 10]
>> rref(A)
ans =
     1     0     4

  0     1    -2

  0     0     0

Thus (1, 2, 3), (-2, 1, 1), and (8, 6, 10) are linearly dependent.

· Determine a basis for the subspace of R4 spanned by the vectors (1, 2, 3, 4), (0, -1, 2, 3), (2, 3, 8, 11), (2, 3, 6, 8).

Sol. 
>> A=[ 1 2 3 4; 0 -1 2 3; 2 3 8 11; 2 3 6 8]
>> rref(A)
ans =
    1.0000         0         0    -0.5000

         0    1.0000         0         0

         0         0    1.0000     1.5000

         0         0         0         0
Thus {(1, 0, 0, -0.5), (0, 1, 0, 0), (0, 0, 1, 1.5)} is a basis of this subspace.

· Appendix D.15 Projection, Gram-Schmidt Orthogonalization
(Sec 5.7),
· The projection of a vector u onto a vector v (projvu)：(作者提供函數proj(u,v))

function p = proj(X,Y)

%The projection of vector X onto vector Y.

p=((X*Y')/(Y*Y'))*Y;
· Let u = (1, 2, 4), v = (3, 1, 2). Find the projection of u onto v.

Sol. 
>> u=[ 1 -2 4];
>> v=[3 1 2];
>> proj(u,v)
ans =
    1.9286    0.6429    1.2857
Thus the projection is (1.9286, 0.6429, 1.2857).

· Gram-Schmidt Orthogonalization (find orthonormal basis from a given basis)
(作者提供函數GramSchm)
Example 2: Find an orthonormal basis for the subspace of R4 spanned by the       three vectors { (1, 3, 1, 2), (0, 4, 5,1), (7, 2,1 0) }.

Sol. 
>> GramSchm
Gram-Schmidt Orthogonalization

Number of vectors to be orthonormalized: 3

Number of elements in each vector: 4

You will now be prompted to enter each vector.

 Enter vector 1:

Enter element: 1

Enter element: 3

Enter element: -1

Enter element: 2

 Enter vector 2:

Enter element: 0

Enter element: -4

Enter element: 5

Enter element: 1

 Enter vector 3:

Enter element: -7

Enter element: 2

Enter element: 1

Enter element: 0

All steps? y/n: y

[press return at each step to continue]

 Initial vectors: 

Vector 1

      1     3    -1     2

Vector 2

      0    -4     5     1

Vector 3

     -7     2     1     0

Perform orthogonalization 

Orthogonalizing vector 1

Orthogonal basis vector

     1     3    -1     2

Orthogonalizing vector 2

Orthogonal basis vector

     1    -1     4     3

Orthogonalizing vector 3

Orthogonal basis vector

   -6.6815    2.2148    1.6074    0.8222

Normalizing vectors 

Normalize vector 1

     0.2582    0.7746   -0.2582    0.5164

Normalize vector 2

     0.1925   -0.1925    0.7698    0.5774

Normalize vector 3

    -0.9194    0.3048    0.2212    0.1131

Orthonormal basis 

    0.2582    0.7746   -0.2582    0.5164

    0.1925   -0.1925    0.7698    0.5774

   -0.9194    0.3048    0.2212    0.1131
Chapter 6   Eigenvalues and Eigenvectors
· Appendix D.16 Eigenvalues and Eigenvectors and Applications
(Sec 6.1-6.4)
· 使用MATLAB 內建函數 eig

Example 1. Find the eigenvalues and corresponding eigenvectors of A=
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Sol. >> A=[1 6; 5 2]
    >>[X,D]=eig(A)       %用法1: eigenvalues及eigenvector同時求出
 X =
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   -0.7682   -0.7071

    0.6402   -0.7071

D =
    -4     0

     0     7
>>eig(A)             %用法2:只求eigenvalue

ans =

    -4

     7
Exercise 2
Use MATLAB to compute the eigenvalues and eigenvectors of the matrices 
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 Use these results to make a conjecture about the eigenvalues and eigenvectors of 
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Chapter 7   Linear Transformations

· Appendix D.19 Kernel and Range (Sec 7.1)
· 使用MATLAB函數 rref 即可

Example 1. Find the kernel and range of the linear transformation T : Rn(Rm defined by the matrix A=
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Sol. 
(1) The kernel will consist of the elements of R3 such that 
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.
>> B=[ 1 2 3 0; 0 -1 1 0; 1 1 4 0];
>> rref(B)

ans =

     1     0     5     0

     0     1    -1     0

     0     0     0     0
Therefore the system has many solutions: 
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.
The kernel of T is {(5, 1, 1)r | r(R}.
   (2) The range of T will be the subspace of R3 spanned by the column vector of A.
>> A=B(:, 1:3)

A =

     1     2     3

     0    -1     1

     1     1     4

>> rref(A')

ans =

     1     0     1

     0     1     1

     0     0     0
The range of T is the two-dimensional space with basis {(, 0, 1), (0, 1, 1)}.
Chapter 9   Numerical Techniques

· Appendix D.23 LU Decomposition (Sec 9.2) 
A nonsingular matrix may be expressed as the product of lower and upper triangular matrices.
· 使用作者自建函數LUfact 或MATLAB內建函數 lu
Example 1. Find the LU factorization of A=
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Sol. (a)
>> A=[ 1 3 0; 2 0 2; 1 2 1];

>> LUfact(A)

Routine to compute the LU factorization of a matrix A

All steps? y/n: n

initial matrix: 

     1     3     0

     2     0     2

     1     2     1

**computing**

final L matrix: 

    1.0000         0         0

    2.0000    1.0000         0

    1.0000    0.1667    1.0000

final U matrix: 

    1.0000    3.0000         0

         0   -6.0000    2.0000

         0         0    0.6667
(b)
>>>> [L,U] = lu(A)        此處的L可能僅是下三角矩陣再做列交換的結果
L =
    0.5000    1.0000         0

    1.0000         0         0

    0.5000    0.6667    1.0000

U =
    2.0000         0    2.0000

         0    3.0000   -1.0000

         0         0    0.6667
· 補充：QR Decompositions
Def.  A=QR,   where R is a upper-triangular matrix, and
     Q is an orthogonal matrix if A is a real matrix, i.e., QQT = QTQ =I, (即Q中的column vector 兩兩內積為0，每個column vector的norm = 1) or 
     Q is a unitary matrix if A is a complex matrix, i.e., QQH = QHQ =I. 
     (注意：Q的反矩陣就是QT或QH )

· MATLAB做法：(用qr函數)
e.g.,  
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>> [Q, R] = qr(A)

Q =
   0.5121    0.6852    0.5179

   0.7682   0.0958   0.6330

   0.3841   0.7220    0.5754
R =

   7.8102   2.0486   2.8168

        0    4.4501    2.1956

        0        0      7.8259
· 解Ax=b時，
(1) A = QR
(2) QRx=b  (  令y = Rx，則Qy = b
           (  已知 Q1 = QT 或 QH，所以y = Q1b
(3) 解Rx = y，用back substitution (參考p. 439)即可解出x

· QR分解可用在A是m(n的nonsquare矩陣上(LU只能用在A是方陣時)，此時分解出的Q是m(m (Q必須是square才會有inverse)，而R是m(n。
在m > n時，分解不唯一。
Example 1. Find the QR factorization of A=
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Appendix A   Cross Product

· Appendix D.27 Cross Product (Appendix A)

· (外積)
Let A=(a1, a2, a3) and B=(b1, b2, b3). The cross product of A and B is,
A(B=( a2b3 b2a3, b1a3 a1b3, a1b2 b1a2)
The cross product of A and B is also given by the following determinant.
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Here i=(1, 0, 0), j=(0, 1, 0), and k=(0, 0, 1) are the unit vectors in the x, y, and z directions.
作法：使用作者自建函數cross
Example 1. Find the cross product of (1, 2, 1) and (1, -2, 1).

Sol. 
>> a=[ 1 2 1]; b=[1 -2 1];
>> c=cross(a,b)
c=
  4  0  -4
The cross product of the vectors is (4, 0, -4).
· (計算三個向量構成的平行六面體體積)
Let A=(a1, a2, a3), B=(b1, b2, b3) and C=(c1, c2, c3). The triple scalar product of A B, and C is,
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作法：使用作者自建函數tdot
Example 1. Find the triple scalar product of (1, 2, 1), (1, -2, 1), and (3, 0, 6).

Sol. 
>> a=[ 1 2 1]; b=[1 -2 1]; c=[3 0 6];
>> d=tdot(a,b,c)
d=

  -12
The triple scalar product of the vectors is -12.
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If A is an m ( r matrix and B is r ( n matrix, the number of scalar multiplications involved in computing the product AB is mrn.








1=4, X1=� EMBED Equation.3  ����2= ,  X2=� EMBED Equation.3  ���
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