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1. Introduction 
• They are nonbinary cyclic codes with code 

symbols from a Galois field. 
•Discovered in 1960 by I. Reed and G. Solomon. 
•The most important Reed–Solomon (RS) codes 

are codes with symbols from GF(2m). They are 
widely used in data communications and storage 
systems for error control.
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• Singleton bound 
dmin ≤ n – k + 1.

• One of the most important features of RS codes is 
that the minimum distance of a RS code is one 
greater than its number of parity-check symbols. 
That is, the minimum distance of an (n, k) RS code 
is n – k + 1, i.e., 

dmin = n – k + 1
Codes of this kind are called maximum-distance-
separable (MDS) codes . 
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2 . Encoding of RS codes

• Let α be a primitive element in GF(2m). 
• For any positive integer                 , there exists a t-

symbol-error-correcting RS code with symbols 
from GF(2m) and the following parameters:

n = 2m – 1
n – k = 2t
k = 2m – 1 – 2t
dmin = 2t + 1. 

12 −≤ mt
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• The generator polynomial is 

where                        .
• Note that           has α , α2 , ... , α2t as roots. 
• Each code polynomial

has coefficients from GF(2m) and is a multiple of the 
generator polynomial          .  
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• Let                                                             be the 
message to be encoded where                        and          
k = n – 2t .

• Dividing                  by           ,  we have 

where                                                        is the 
remainder. 
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• Then 

is the codeword for message          .

• The encoding circuit is shown in Figure 1. 
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• Let   

the corresponding remainder polynomials          
are denoted by

for   
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The corresponding generator matrix  in systematic 
form is 
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• Since (n, k, dmin) RS code is a cyclic code, the 
generator matrix in nonsystematic form is in the 
following
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Example 1:  Consider an (7, 5, 3) RS code over 
GF(23)  generated by                ,   where α is 
primitive element. 

013 =++αα

power polynomial vector
0 0 (0,0,0)
1 1 (1,0,0)
α α (0,1,0)
α2 α2 (0,0,1)
α3 1+ α (1,1,0)
α4 α+α2 (0,1,1)
α5 1+ α+ α2 (1,1,1)
α6 1+ α2 (1,0,1)
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The generator polynomial  of (7, 5, 3) RS code is  

And the generator matrix in nonsystematic form is  
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Since 
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therefore, the generator matrix in systematic form is 

3 4
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3. Properties of RS Codes

Theorem 1:
• Let a code polynomial be

which has  α, α2, … ,α2t as roots.
• Since αi  is a root of            , then 
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This equality can be written as a matrix product as 
follows:
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If                                  ,  then the parity check matrix 
H is 

and 
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Example 2:  Consider an (7, 5, 3) RS code mentioned 
in Example 1, the parity check matrix is
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Theorem 2:
The dual code of an (n, k, dmin) RS code is still a 
maximum-distance-separable (MDS) code, whose 
code length is n, and information length is n - k, and 
minimum Hamming distance is n - (n - k) + 1 = k + 
1. 

Theorem 3[2]:
Any combination of k symbols in a codeword in an 
MDS code may be used as message symbols in a 
systematic representation. In other words, we use 
these  k symbols to recovery the whole codeword.
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Example 3: Let a codeword generated is shown in the 
following.
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Assume there are some misses in transmission, we 
only get 

)001( 2 XXr αα=

Misses 

permutation

2' ( 1 0 0 )r X Xα α=

We use these 5 symbols as a message  symbols 
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From above,  we use the portion of data to obtain 
the whole codeword. Based on the data positions, 
we permute the generator matrix as the following 
form. 
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obtain a new systematic form 
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4 . RS Codes for Binary Data 

• Every element in GF(2m) can be represented 
uniquely by a binary m-tuple, called a m-bit byte.

• Suppose an (n, k, dmin) RS code with symbols from 
GF(2m) is used for encoding binary data. 

• A message of k×m bits is first divided into k m-bit 
bytes. 

• Each m-bit byte is regarded as a symbol in GF(2m).
• The k-byte message is then encoded into an n-byte 

codeword based on the RS code. 
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• By doing this, we actually expand a RS code with 
symbols from GF(2m) into a binary (nm, km) linear 
code, called a binary RS code. 

• To decode, the binary received vector at the channel 
output is first divided into n m-bit bytes. Each m-bit 
bytes is transformed back into a symbol in GF(2m). 

• The resultant vector over GF(2m) is then decoded 
based on the RS code. 

• As a result, the binary RS code is capable of 
correcting any error pattern that affects t (or fewer) 
m-bit bytes. It is immaterial whether a byte has one 
error or m errors, it is counted as one byte (or 
symbol) error. 
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• Binary RS codes are very effective in correcting 
bursts of errors as long as no more t bytes are 
affected.  
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5. Decoding of RS Codes

1. Syndrome-based decoding
• Peterson-Gorenstein-Zierler Algorithm[2]
• Berlekamp-Massey Algorithm[1][2]
• Euclidean Algorithm[1][2]
• Frequency Domain Algorithm[1][2]
• Step-by-Step Algorithm[3]-[6]

2. Interpolation-based decoding
• Welch-Berlekamp algorithm[7][8]
• List decoding[9]



2007/5/24 大葉大學電信系胡大湘 33

Syndrome-based decoding

Decoding Procedure: 
( 1 ) Compute syndrome  vector                              . 
( 2 ) Determine error-location polynomial σ(X). 
( 3 ) Determine error-value evaluator polynomial              
( 4 ) Evaluate error-location numbers (find roots of 

σ(X) )and error values and perform error 
correction. 

),...,,( 221 tSSSS =

)(XZ
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• RS codes are actually a special subclass of 
nonbinary BCH codes. 

• Decoding of a RS code is similar to the decoding 
of a BCH code except an additional step is needed. 

• Let 
1

110 ...)( −
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n XvXvvXv
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and 

be the transmitted code polynomial and received 
polynomial respectively. 

• Then the error polynomial is

where ei = ri - vi is a symbol in GF(2m) .  
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Syndrome Computation
• The syndrome of a received polynomial           is 

where                  .
• To find Si, we divide             by  X+αi. This 

gives us 

where                          .
• Then
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• Suppose              has v errors at the locations  
. Then 

• The  syndromes are computed as follows:
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error-location polynomial

•And error-location numbers are given by

•The error-location polynomial is defined by
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• The error locator numbers are the reciprocals of the 
roots of  the error-locator polynomial              .

• Let                  in (2),  and  we obtain the following 
equation

• Since the expression sums to zero, we cam multiply 
through by a  constant             .        
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• Sum (3) over all indices i, obtaining an following 
expression  which is called “Newton’s identities”
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Peterson-Gorenstein-Zierler 
Decoding Algorithm

• Matrix method: there are v errors
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Peterson-Gorenstein-Zierler 
Decoding Algorithm

• In (4), if we assume v = t and                       , then        tlt 21 ≤≤+
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• It can be shown that the matrix A is nonsingular if 
the received sequence contains  t errors.

• It can also be shown that the matrix A is singular if 
fewer than t errors have occurred.
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• If the matrix A is singular, the rightmost column 
and bottom row are removed and the determinant 
of the resulting matrix computed. 

• This process is repeated until the resulting matrix 
is nonsingular.

• The coefficients of the error locator polynomial  
σ(X) can be calculated by “Gaussian elimination”
or the inverse matrix method over GF(2m).
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• Once the error locator polynomial is 
determined, and the roots of are then 
computed.

• The error locator numbers βi , 1≤ i ≤ v, are the 
reciprocals of the roots of  the error-locator 
polynomial .

• From (1), 
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• Decoding is completed by solving for the {    }

• If roots of are not distinct or roots do not 
exist, then declare a decoding failure.

jie
)(Xσ
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Example 4: Consider an (7, 3, 5) RS code, its generator 
polynomial is

Assume the received sequence is 

The syndromes are

43323

432 ))()()(()(
XXXX
XXXXXg

++++=

++++=

ααα

αααα

324)( αα +++= XXXXr

24
4

53
3

22
2

6
1

)(,)(

)(,)(

αααα

αααα

====

====

rSrS

rSrS
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The matrix A in (6) is given by

Since 

We remove the rightmost column and bottom row from 
A, then

⎥
⎦

⎤
⎢
⎣

⎡
=

52

26

αα
αα

A

0)det( =A

2
1

6 ασα = 3
1 ασ =

3
1 αβ =
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From (7), we obtain the following 

which gives the error magnitude   . The error 
polynomial is thus  

The coded sequence is 

6
3

3 αα =e
3α

33)( XXe α=

43323

)()()(
XXXX

XeXrXv
++++=

−=

ααα
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Berlekamp-Massey Decoding 
Algorithm

( ) ( ) ( ) 2 ( )
1 2( ) 1 u

u

lu u u u
lX X X Xσ σ σ σ= + + +L

• Iterative method: at u-th step

• Initially,

v
v

t XXXX σσσσ +++== L1
)2( 1)()(

XSX 1
)1( 1)( +=σ
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• At u+1-th step:

• At final step (u = 2t): 

∆+=+ )()( )()1( XX uu σσ

v
v

t XXXX σσσσ +++== L1
)2( 1)()(
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Berlekamp-Massey Decoding 
Algorithm

• σ(X) can be computed iteratively . 
• The iteration process consists of 2t steps . 
• At the u-th step, we determine a minimum-degree 

polynomial 

such that its coefficients satisfy the following  u -
lu Newton’s  identities:

( ) ( ) ( ) 2 ( )
1 2( ) 1 u

u

lu u u u
lX X X Xσ σ σ σ= + + +L
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0

0

0

)(
1

)(
1

2
)(

1
)(

12

1
)()(

11

=+++

=+++

=+++

−−
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uuu

uuu

lu
u
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u

u

u
ll

u
l

u
ll

u
l

SSS

SSS

SSS

σσ

σσ

σσ

L

M

L

L

• The next step is to find a new polynomial of  
minimum degree

1

1

)1()1(
1

)1( 1)( +

+

+++ +++= u

u

lu
l

uu XXX σσσ L
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whose coefficients satisfy the following  u+1 –
lu+1 Newton’s  identities:

0

0

0

11

111

111

1
)1()1(

11

2
)1(

1
)1(

12

1
)1()1(

11

=+++

=+++

=+++

++

+++

+++

−+
++

+

+
+

+
+

++
+

uu

uuu

uuu

lu
u

lu
u

u

u
ll

u
l

u
ll

u
l

SSS

SSS

SSS

σσ

σσ

σσ

L

M

L

L

• We continue the foregoing process until 2t steps 
have been completed. At the 2t-th, we have

)()( )2( XX tσσ =
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• In u+1-th iteration, σ(u+1) (X) is found by testing 
the discrepancy:

• If du = 0, then the coefficients of σ(u)(X) satisfies 
the (u + 1)-th Newton’s identity

lu+1 =  lu (actually, lu is the degree of σ(u)(X))

( ) ( ) ( )
1 1 2 1 1....

u u

u u u
u u u u l u ld S S S Sσ σ σ+ − + −= + + + +

)()( )()1( XX uu σσ =+
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• If  du 0, σ(u)(X) needs to be adjusted to satisfy 
the (u + 1)-th Newton’s identity 

≠

• Correction:  we go back to the steps prior to the u-
th step and determine a polynomial σ(p)(X) such 
that             and p - lp has the largest value, where 
lp is the degree of σ(p)(X). Then 

• σ(u +1)(X) is the solution at the (u +1)-th step of the 
iteration process. 

0≠pd

( 1) ( ) 1 ( ) ( )( ) ( ) ( )u u u p p
u pX X d d X Xσ σ σ+ − −= +
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Error-Value Evaluator Polynomial
• Once σ(X) = σ1 + σ2X + …. + σvXv has been found, 

we form 

• Let                              
dX

XdX )()(' σσ =

(8)v
vvvv XSSS

XSSXSXZ

)(

)()(1)(

1111

2
211211

σσσ

σσσ

+++++

+++++=

−− LL
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• Then the error value at location                is lj
l αβ =

(9)
∏
≠
=

−

−

−−

−

+
== v

li
i

li

l

ll

l
j

ZZe
l

1

1

1

11

1

)1(

)(
)('

)(

ββ

β
βσβ

β
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Execution of the Iteration Process
• Note that σ(1)(X) = 1 +S1X satisfies the first 

Newton’s identity. 
• To carry out the iteration, we set up a table as 

below and fill out the table:

u σ(u)(X) du lu u - lu

-1 1 1 0 -1
0 1 S1 0 0
1 1+S1X

2t
M
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Example 5: Consider (15, 9, 7) RS code with symbols 
from GF(24). The generator polynomial of this code is

6510414342696

65432 ))()()()()(()(
XXXXXX

XXXXXXXg
++++++=

++++++=

αααααα

αααααα

Let the all zero-vector be the transmitted code 
vector and let          

)000000000000( 437 ααα=r

Thus, 
1246337)( XXXXr ααα ++=
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Step 1. The syndrome components are computed as 
follows

10 9 12
1

2 13 13
2

3 6 10 14
3

4 4 12 7 10
4

5 7 3 4
5

6 10 9 12
6

( )
( ) 1 1
( )

( )
( ) 0

( )

S r
S r
S r

S r
S r

S r

α α α α α

α α α

α α α α α

α α α α α

α α α α

α α α α α

= = + + =

= = + + =

= = + + =

= = + + =

= = + + =

= = + + =
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Step 2. To find the error-location polynomial σ(X), we 
fill out the following table (mentioned in the 
BCH lecture ), and σ(X) = 1+α7X+α4X2+α6X3

u σ(u)(X) du lu u - lu

-1 1 1 0 -1
0 1 α12 0 0 (take p = -1)
1 1+ α12 X α7 1 0 (take p = 0)
2 1+ α3X 1 1 1 (take p = 0)
3 1+ α3X+α3X2 α7 2 1 (take p = 2)

5 1+α4X+α3X2+α13X3 α13 3 2(take p = 4)
6 1+α7X+α4X2+α6X3 - - -

4 1+α4X+α12X2 α10 2 2 (take p = 3)
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Step 3.

errors occur at positions X3, X6, X12. 

Step 4. From (8) we find that

0)(
0)(
0)(

12

9

3

=

=

=

ασ

ασ

ασ

3
3112

2
619

1
1213

)(

)(

)(

βαα

βαα

βαα

==

==

==

−

−

−

36221)( XXXXZ αα +++=
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Using (9), we obtain the error values at locations X3, 
X6 and X12:

4
5

9

126123

36624122

12

3
9

12

61263

1861262

6

7
6

13

31236

96632

3

)1)(1(
1

)1)(1(
1

)1)(1(
1

α
α
α

αααα
ααααα

α
α
α

αααα
ααααα

α
α
α

αααα
ααααα

==
++
+++

=

==
++
+++

=

==
++
+++

=

−−

−−−

−−

−−−

−−

−−−

e

e

e
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Thus, the error pattern is 

1246337)( XXXXe ααα ++=

The decoding is completed by taking

0)()()( =−= XeXrXv
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Euclidean Decoding Algorithm

• Great Common Division (GCD):

tXXSXXZ 2
0 mod)()()( σ=

where
Z0(X): error-value evaluator polynomial
σ(X) : error-location polynomial
S(X) :  syndrome polynomial
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Euclidean Decoding Algorithm

• Consider the product                   ,)()( XSXσ

LL

L

LL

++++

+++++++=

+++⋅+++=

−
−−

12
21212

2
122131121

2
3211

)(

)()(

)()1()()(

t
vtvtt

v
v

XSSS

XSSSXSSS

XSXSSXXXSX

σσ

σσσ

σσσ



• We define the other error-value evaluator 
polynomial Z0(X)

• Why does the degree of Z0(X) be v-1 ?

tXXSXXZ 2
0 mod)()()( σ=∆

1
1111

2
12213

11210

)(

)(

)()(

−
−− ++++

+++

+++=

v
vvv XSSS

XSSS

XSSSXZ

σσ

σσ

σ

L

L (10)
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• We know that the syndrome polynomial           is

• Note that only the coefficients of the first 2t are 
known.

∑
∞

=

−

−

=

++++=

1

1

12
221)(

l

l
l

t
t

XS

XSXSSXS LL

)(XS
∆

(11)
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• Combining (1) and (11), we can put S(X) in the 
following form:

∑

∑∑

∑∑

=

∞

=
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=

=

∞

=
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−
=

=

=

v

i i

ij

l

l
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l
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X
e
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i

1

1

1

1

11
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1
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β
β

ββ

β

(12)
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• From the definition of Z0(X), using (2) and (12), 
we obtain the following equation:

• Since for every i, there are exactly v-1 
productions, therefore the degree of Z 0(X) is v-1.

)(

)1(

1
)1()()(

0

,11

11

XZ

Xe

X
e

XXSX

v

ijj
j

v

i
ij

v

i i

ij
v

j
j

i

i
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−=

⎭
⎬
⎫

⎩
⎨
⎧

−
⋅

⎭
⎬
⎫

⎩
⎨
⎧

−=

∏∑

∑∏

≠==
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ββ

β
β

βσ

(13)



2007/5/24 大葉大學電信系胡大湘 74

• The coefficients of the degree v to 2t-1 in Z0(X) 
are zeros, which satisfy (5) and are call 
“Newton’s identities”.

• The error value      at  location          is determined 
by

• A slightly different error-value evaluator shown 
in (8) is

ij
e iβ

)('
)(

1

1
0

−

−−
=

i

i
j

Ze
i βσ

β
(14)

)()()( 0 XXZXXZ +=σ
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• We can express the definition of Z0(X), which  
is called  the key equation in the following form:

• Rearrange the above equation, we have

)()()()( 0
2 XZXXQXSX t +=σ

(15))()()()( 2
0 XSXXXQXZ t σ+−=
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• We see that (15) is exactly in the following form

where GCD denotes the greatest common 
divisor.

• For example,
4 = GCD(112, 100)
4 = 100 – 8 × 12

= 100 – 8 × (112 – 100)
= -8 × 112 + 9 × 100

)()()(

))(,(GCD)(
2

2
0

XSXXXQ

XSXXZ
t

t

σ+−=

=
(16)
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For example, 1 = GCD(X6, X3+1)
= X3 + X3+1
= X6 + X3(X3+1) +(X3+1)
= X6 + (X3+1)(X3+1)

• This decoding method is based on the Euclidean 
algorithm for finding the GCD.  This suggests that 
σ(X) and Z0(X) can be found by Euclidean 
iterative division algorithm in following form:
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)()()()( )(2)()(
0 XSXXXXZ itii σγ +=

• At i-th step, we have

and

)()()()( )1(
0

)2(
0

)(
0 XZXqXZXZ i

i
ii −− −=

)()()()( )1()2()( XXqXX i
i

ii −− −= σσσ

(17)

)()()()( )1()2()( XXqXX i
i

ii −− −= γγγ
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With

0)()(
1)()(

)()(

)(

)1()0(

)0()1(

)0(
0

2)1(
0

==

==

=

=

−

−

−

XX
XX

XSXZ

XXZ t

σγ

σγ

• To find σ(X) and Z0(X), we carry out the 
iteration process given by (17) as follows: at the 
i-th step
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1. We divided                    by                   to obtain the
quotient                and the remainder               .

2. We find                from 

3. Iteration stops when we reach a step       for which

4. Then         and 

)()2(
0 XZ i− )()1(

0 XZ i−

)()(
0 XZ i)(Xqi

)()( Xiσ

)()()()( )1()2()( XXqXX i
i

ii −− −= σσσ

ρ

tXXZ ≤< ))(deg())(deg( )()(
0

ρρ σ

)()( )(
00 XZXZ ρ= )()( )(

0 XX ρσσ =
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Execution of the Iteration Process
• The iteration process for finding σ(X) and Z0(X) 

can be carried out by setting up filling the below 
table

M

i qi(X) σi(X)

-1 X2t - 0

0 S(X) - 1

1

ρ

)()(
0 XZ i
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Example 6: Consider (15, 9, 7) RS code with symbols 
from GF(24). The generator polynomial of this code is

6510414342696

65432 ))()()()()(()(
XXXXXX

XXXXXXXg
++++++=

++++++=

αααααα

αααααα

Let the all zero-vector be the transmitted code 
vector and let          

)00000000000000( 117 αα=r

Thus, 
101137)( XXXr αα +=
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The syndrome components are computed as follows

1411106
6

1475
5

1251194
4

641163
3

1231132
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1
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The syndrome polynomial is

Using the Euclidean algorithm, we find

and 

514414

31226127)(
XX

XXXXS
αα

αααα

++

+++=

)1(
)(

2131211

29811

XX
XXX
ααα

ααασ

++=

++=

XXZ 23
0 )( αα +=
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To find the error-location polynomial σ(X), we fill out 
the following table

i qi(X) σ(i)(X)

-1 X6 - 0

0 - 1

1

2

)()(
0 XZ i

514414

31226127)(
XX

XXXXS
αα

αααα

++

+++=

4635

2538

XX
XX

αα

ααα

+

+++
Xαα + Xαα +

X23 αα + X811 αα + 29811 XX ααα ++
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• Step 1 (i = 1):

)()()()( )1(
0

)2(
0

)(
0 XZXqXZXZ i

i
ii −− −=

)()()()( )1()2()( XXqXX i
i

ii −− −= σσσ

)()()()( )1(
0

)0(
01

)1(
0 XZXZXqXZ +=−

46352538514

414312261276

)
)((

XXXXX
XXXXXX

αααααα

ααααααα

++++++

+++++=
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)()()()( )0(
1

)1()1( XXqXX σσσ −= −

• Step 2:

XXX αααασ +=⋅+−= 1)(0)()1(

)()()()( )2(
0

)1(
02

)0(
0 XZXZXqXZ +=

X
XXXXX

XXXXX

23

46352538811
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αααααα
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XXZ 23
0 )( αα +=
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)()()()( )1(
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)0()2( XXqXX σσσ −=
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)(1
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2912912
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From σ(X), we find that the roots are       and        . 
Hence, the error location number are         and        . 
The error values at these locations are

5α 12α
10α 3α

7
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3
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1
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Therefore, the error polynomial is

And the decoded codeword v(X) is given by

101137)( XXXe αα +=

0)()()( =−= XeXrXv
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Frequency-Domain Decoding 
Algorithm

• )()()( XeXvXr +=

)()()( XEXVXR +=

DFT

jj
j

j RErS === )(α for 0 ≤ j ≤ 2t

),,( 110 −= nEEEE L
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For  t+1 ≤ l ≤ n-1-t

)( 11 vtlvtltl EEE −+−++ ++−= σσ L

)(1
110 EEE vv

v
−++−= σ

σ
L

• Once we obtain  

)(XE IDFT )(Xe



2007/5/24 大葉大學電信系胡大湘 93

Frequency-Domain Decoding 
Algorithm

• Let V(X) = V0+ V1X + … + Vn-1X n-1 over GF(2m) 
be the Galois field Fourier transform of        
v(X) = v0+ v1X + … + vn-1X n-1. Then 

∑

∑
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• The product of a(X) and b(X) is defined as 
follows
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• Let the Fourier transform of a(X) and b(X) are 
given by

• The Fourier transform of c(X) is given by

where

1
110)( −
−+++= n

n XCXCCXC L

1
110

1
110

)(

)(
−

−

−
−

+++=

+++=
n

n
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1

0

n

k
kjkj BAC (20)
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• Let v(X) and e(X) be the transmitted code 
polynomial and the error polynomial, and the 
received sequence r(X) is denoted as follows

• The Fourier transform of r(X) is given by

where V(X) and E(X) are the Fourier transform of 
v(X) and r(X), respectively.

)()()( XeXvXr +=

)()()( XEXVXR += (21)
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• Because v(X) is a code polynomial that has α, α2, 
… α2t as roots, then 

• From (21), we find that for  0 ≤ j ≤ 2t

• Let S = (S1, S2,…, S2t) be the syndrome of r(X). 
Then for  0 < j ≤ 2t,

tjVj 20for,0 ≤≤=

jj ER =

jj
j

j RErS === )(α
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• Suppose there are             errors, and 

the error-location numbers are then
• The error-location polynomial over GF(2m) is 

which has                                    as roots. Hence,

tv ≤

v
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• We may regard σ(X) as the Fourier transform of a 
polynomial over GF(2)

where 

• From (22) and (23), we readily see that 

1
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• That is,

• Taking the Fourier transform of λ(X)e(X) and using 
(20), we have 

• Since the degree of σ(X) is v, that is σk = 0 for k > v.
• Then 

10for,0 −≤≤=⋅ nje jjλ (25)
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• The preceding equation can be put in the following 
form:   for 0 ≤ j ≤ n-1

• Since E1, E2,… E2t are already known, it follows 
from (28) that for t+1 ≤ l ≤ n-1-t, we obtain the 
following recursive equation  for computing E0 and 
E2t+1 to En –1.  

(28))( 11 vjvjj EEE −− ++−= σσ L

)( 11 vtlvtltl EEE −+−++ ++−= σσ L

)(1
110 EEE vv

v
−++−= σ

σ
L

(29)
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• The decoding consists of the following steps:
1) Take the Fourier transform R(X) of r(X).
2) Find σ(X) (use the Berlekamp-Massy algorithm)
3) Compute E(X).
4) Take the inverse transform v(X) of V(X) = R(X) –

E(X).
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Example 7: Consider (15, 9, 7) RS code with symbols 
from GF(24). r(X) =  α7X3 + α3X6 + α4X12 is received. 
The Fourier transform of r(X) is

14101314

1211129108147

612410314212)(

XX
XXXXX
XXXXXXR

αα

ααα

αααα

++

+++++

++++=

The syndrome components: S1= α12, S2=1, S3= α14, 
S4= α10, S5=0, S6= α12. They are also the spectral 
components E1 to E6.
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Using the Berlekamp-Massy algorithm based on the 
syndrome (S1, S2, …, S6), we find the error-location 
polynomial

From (29), for 4 ≤ l ≤ 11 , we obtain the following 
recursion equation for computing  E7 to E14 and E0:

362471)( XXXX ααασ +++=
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EEEE
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The resultant error spectral polynomial is 
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We find that R(X) = E(X), and V(X) = 0. Therefore, the 
decoded codeword is that all-zero codeword. The 
inverse transform of E(X) is e(X) = α7X3 + α3X6 + 
α4X12 .
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The Step-By-Step Decoding
• Trial and Error:

),,,,( 1210 −= nrrrrr L

test it error
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The Step-By-Step Decoding

• In this decoding, we do not find the error-location 
polynomial. Instead, we use the concept of the 
error-trapping decoding.

• From (6), we define the syndrome matrix as 
following:

⎥
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and ),,,( 221 tSSSS L=
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• Theorem 4: For any binary BCH (n, k, t) code, and 
any v such that             , the v by v syndrome 
matrix is singular if the number of errors is at most 
v-1, and is nonsingular if the number of errors is at 
least v . 

• The decision vector is defined

where decision bit        is calculated as

tv ≤≤1
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• The decision vector of a general t-error-correcting 
RS code can be determined as follows:
(1)if there are no errors, then

(2)if there is one error, then

(3)if there are v errors, then 

where the symbol X can be 0 or 1.
(4)if there are no less than t errors, then 

)0()0,,0,0( tm == L

)0,1()0,,0,1( 1−== tm L

)}0,1,1,{( 2 vtvXm −−∈

)}1,1,{( 2−∈ vXm
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• For example, 2-error-correcting RS codes, the 
decision vector could be (0, 0) for no errors, (1, 0) 
for single error, and (1, 1) for two errors.

• Let       be codeword of a RS code, and            is 
also a codeword, which denotes the cyclically 
shifting  p places to the  right of         . That is
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• For p > 0,         is obtained by cyclically shifting      
p places to the  right of        . 

• The syndrome matrix for                 is defined as 
follows:
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• The step-by-step decoding is iterative, which 
contains the follow steps
(1) calculate syndrome vector, and find v such that 

,  and set j = 0 .
(2) cyclically shift     one symbol one time, and 

find its corresponding syndrome vector.
(3) let β = αj , and check whether                         . 
(4) If                        ,  then                           .
(5) Otherwise, j = j+1, do Step (2) again.
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Example 8: Consider 2-error-correcting (7,3) RS 
code over GF(23) The generator polynomial is 

Suppose the all-zero vector is transmitted. And the 
received sequence is 
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which implies there are at least two errors in the 
received sequence
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Cyclically shift           one time,                            
is obtain. And the corresponding syndrome is given 
by

0)(

)(

1)(

3)1()1(
3

2)1()1(
2

4565)1()1(
1

==

==

=+=+==

α

αα

αααααα

rS

rS

rS

65)1( )( XXr αα +=)(Xr

1

)det(

)det()det(

2

4

)1(
3

)1(
2

)1(
2

)1(
1)1(

2

+=

⎥
⎦

⎤
⎢
⎣

⎡

+
++

=

⎥
⎦

⎤
⎢
⎣

⎡

++
++

=

βα

ββα
βαβα

ββ
ββ

SS
SS

M



2007/5/24 大葉大學電信系胡大湘 118

As β = α5,  then                          .   The modified 
cyclical received polynomial is 

After the 2nd time cyclical shift,                         is 
obtained. The syndrome is given by    
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( at most 1 error)
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From  two preceding equation, there is still one error 
in the received sequence.



2007/5/24 大葉大學電信系胡大湘 120

As β = α,  then                          . The modified cyclical  
polynomial is given by 

Therefore, the corrected received polynomial is 
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• In fact, the step-by-step decoding can be easily 
modified as a parallel decoding.

• Without cyclical shift, the received symbols rn-1, 
rn-2, … ,rn-k are checked in parallel. That is, only 
one received symbols is changed in a 
corresponding decoding procedure by checking  if 
det(Mv) = 0. 

• For RS codes with a few error-correcting 
capability, this parallel decoding is feasible.
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6. Modified RS Codes
• Punctured Reed-Solomon codes:  

In Theorem 3, it was shown that any combination of 
k symbols in an  (n, k) RS code can be treated as 
message positions in a systematic representation.

An (n, k) RS code is thus punctured by deleting any 
one of its parity check symbols. The resulting (n-1, k) 
code is, in general, no longer cyclic, but it is MDS.

• Shortened RS codes: 
A code is shortened by deleting a message symbol

from the encoding  process. This resulting (n-1, k-1) 
code is a shortened RS code, which is not cyclic, but it 
is MDS.
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Example 9: These two (32, 28, 5) and  (28, 24, 5) 
RS codes are employed in the audio CD system. 
Since each symbol is 8 bits, therefore these two RS 
codes are shorten from the (255, 251, 5) by deleting 
223 and 227 information symbols. 

(255, 251, 5) 
RS code

(32, 28, 5) 
RS code

delete 223 info. symbols

(255, 251, 5) 
RS code

(28, 24, 5) 
RS code

delete 227 info. symbols
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• Extended RS codes: Any code can be extended 
multiple times through the addition of parity check 
symbols.

(1) Singly-extended RS code codes:
An (n, k) RS code can be extended to form a 
noncyclic (n+1, k) MDS code by adding a parity 
check. Each codeword    thus 
becomes                           , where )',,','( 10 nccc L

),,,( 110 −nccc L
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The corresponding parity check matrix is
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(2) Doubly-extended RS code codes:
An (n, k) RS code can be extended to form a no 
cyclic (n+2, k) MDS code by adding two parity 
checks. Each codeword     thus 
becomes                          , where 
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The corresponding parity check matrix is

2 3 1
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7. Error Correcting Performance

• There are 3 figures shown in the following for 
comparison of error correcting performance of 
Reed-Solomon codes.

• In generally, the error performance of a shorten RS 
code is better than that of a corresponding RS code, 
which results from that at the same signal-to-noise 
ratio and error correcting capability, the number of 
errors in a shorter code is less than in a longer code.
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Figure 3: Comparison of error correcting for RS codes
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Figure 4: Comparison of error correcting for RS codes
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Figure 5: Comparison of error correcting for RS codes
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